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Abstract 

We consider the correlation function of a circular Wilson loop with two local scalar 
operators at generic 4-positions a\, a>2 in planar N = 4 super symmetric gauge theory. We 
show that such correlator is fixed by conformal invariance up to a function F(u, v; A) of 
two scalar combinations u, v of ai, a<i coordinates invariant under the conformal transfor- 
mations preserving the circle as well as the 't Hooft coupling A. We compute this function 
at leading orders at weak and strong coupling for some simple choices of local BPS oper- 
ators. We also check that correlators of an infinite line Wilson loop with local operators 
are the same as those for the circular loop. 
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1 Introduction 



Supersymmetric Wilson loops [1] and their correlation functions with local operators in planar 
Af = 4 SYM theory dual to AdS 5 x S 5 string theory is presently an active subject of research. 
In this paper we will focus on correlators involving the simplest circular Wilson loop Wc 
[2, 4, 3, 5, 6, 7]. The form of its correlator {Wc 0{a)) with one primary operator O [3, 8] is 
completely fixed by conformal invariance up to a function of 't Hooft coupling A which may be 
computed exactly [7, 9] in the case when the operator is BPS. 

The correlator of Wc with two chiral primary operators can be again computed exactly [10] 
provided their locations and structure are special (so that at least 1/8 of supersymmetry is 
preserved [9]). Here we shall consider a "non-supersymmetric" correlator (Wc Oi(ai)0 2 (a2)) 
with generic positions a\,a-2 in R 4 for the simplest choices of BPS operators Oi. 1 As we shall 
find below, the conformal invariance restricts the dependence on locations of the circular loop 
and the two operators to just two scalar functions u, v of them, i.e. the above correlator is, in 
general, proportional to a function F(u, v; A). We shall compute this function at leading orders 
at weak and strong coupling A. 

The circular Wilson loop Wc is known to be closely related to the Wilson loop Wl defined by 
an infinite straight line [3, 6]. Since the infinite line is related to the circle by a special conformal 
transformation the expectation values of the two would be the same if not for an anomaly [5, 7, 6] 
(related to change of boundary conditions). Indeed, (Wc) = 1 while (Wc) = H=-/i('\/A ) is 
a nontrivial function of A [5, 7, 6, 9]. However, if one considers the normalized correlators of 
Wc with local operators ( w 0l ( a ^ 0n ( an » one ma y expect the anomaly to be absent, i.e. the 
result for Wc should be equivalent to the one for Wl- This is clear, in particular, at strong 
coupling where the expression for such correlator (given by a product of the corresponding 
vertex operators evaluated on the minimal surface) is finite and thus should not be affected 
by the anomaly. At weak coupling, one can arrange the operators to stay away from the 
Wilson loop location before and after the conformal transformation. Below we will explicitly 
will check the matching {w ° 0l ^° M) = {Wl 2(aa)) at leading order in A for simplest 1/2 

BPS operators 

The dependence of the correlator of the circle or line Wilson loop with two local operators 
on just two invariants (u, v) is reminiscent of the familiar structure of the correlator of 4 scalar 
conformal primary operators. Heuristically, the fact that an infinite line may be specified by 
two points in M. 4 may be suggesting (by analogy with what was found in the null polygon 
Wilson loop cases [11, 12, 13]) a possible relation between {Wc Ci(ai)C 2 (a2)) and some special 
4-point correlator. Another motivation for a study of such correlators is that they are special 

1 To compare to [10] one would need to consider the special operators Tr(afc$fc + i$4) J with coefficients 
depending on locations which are restricted to the same S 2 C M 4 to which the circle belongs. 
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cases of correlators involving more general cusped Wilson loops (see, e.g., [4, 14, 15]). 

The structure of this paper is as follows. In section 2 we shall consider the conformal 
symmetry constraints on the correlator of a circular Wilson loop with two scalar conformal 
operators and explain why it is determined by the function of two invariants of the subset 
of 6 conformal transformations preserving the circular loop. In section 3 we shall compute 
this function F(u, v; A) in the leading-order approximation at weak coupling for the case when 
the two local operators are chiral primary of dimension 2. In section 4 we shall discuss the 
strong-coupling limit of the correlator (W c Oi(ai)0 2 (a 2 )) using the semiclassical string picture. 
We shall find that for two "light" operators (whose dimension does not scale with y/X ) the 
correlator factorizes at strong coupling with the function F being constant. In the case when 
one of the two operators carries large "semiclassical" charge J = \/\ J the expression for F 
will be given by a non-trivial integral which we shall evaluate for small and large J. 

In section 5 we shall discuss the case of the Wilson loop Wl defined by an infinite line and 
check the agreement of its correlator with local operators with the corresponding correlators 
for the circular Wilson loop. Some technical remarks will be made in Appendices A, B, C. 

2 Conformal invariance constraints on correlator of 
circular Wilson loop with two scalar operators 

In this section we shall first review the constraints on some simplest correlation functions in 
Af = 4 gauge theory which follow from the conformal invariance and then consider the case of 
(W c Oi(ai)(9 2 (a 2 )>. 

2.1 Conformal invariance constraints on some simple 
correlation functions 

Let us start with correlation functions of scalar local operators Cj(aj). As is well-known, in 
conformal field theory their 2- and 3-point functions are fixed by conformal invariance up to a 
constant (function of coupling) while a 4-point function is in general proportional to a function 
of two cross-ratios (and coupling). This can be seen, for example, as follows. Given a set of n 
points in R 4 we can act on them with 15 generators of the conformal group. However, there can 
be a subset of generators which leaves this set of points invariant. Let r be the number of such 
generators. Then the number of conformally invariant combinations which one can construct 
out of n 4-coordinates is 

d n = An - (15 - r ) . (2.1) 
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If n = 2 we can place one point at the origin and the other at infinity. This configuration 
preserves dilatations and all the Lorentz transformations which gives T = 7. Then from (2.1) 
we get d<i — 0. This means that one cannot construct any conformally invariant combinations 
and thus the 2-point correlator is fixed up to a constant. As usual, the latter can be fixed to 1 
by a choice of normalization, i.e. 

(0{ ai )0\a 2 )) = 1 , (2.2) 

| O-i — (22 1 

where A = A (A) is the dimension of the operator O. 

The n = 3 case corresponds to adding an extra point at some finite distance from 0; that 
breaks dilatations and breaks Lorentz group to SO(3). Hence for n = 3 we get T = 3 and 
g?3 = 0, meaning that 3-point function is also fixed by conformal symmetry up to a constant, 
i.e. is given by the well-known expression 

where A, are dimensions of Oi. 

Considering the n = 4 case, i.e. adding one more point at a finite distance from the origin 
one finds that the remaining symmetry is SO(2), i.e. T = 1 and thus d 4 = 2. This implies 
that the 4-point correlator is fixed up to a function G of two conformally invariant variables 

U = I 121 12 ' V = 1 121 12 • ( 2 - 4 ) 

I a l — °3 a 2 — a 4T l a l — a 3|| a 2 — O4 



The general expression for a 4-point function may then be written as 2 

( 0m a M O t (a t )) ^ | ai _ a2|a ,| ai _^^ a4 | M|a3 _ a4h ■ (2-5) 

g, are fixed by demanding that the correlator has dimension Ai + A2 + A3 + A4 and that it 
gets rescaled by |ai| 2Al |a2| 2A2 |a 3 | 2A3 |a 4 | 2A4 under the inversions (when |a» — aj\ — > ) 

gi = A!+A2 + A3-A 4 , g 2 = A!-A2-A3 + A 4 , g 3 = -Ai+A 2 - A 3 +A 4 , q 4 = 2A 3 (2.6) 

Let us now consider examples of correlators of local operators with locally supersymmetric 
Wilson loop [1] 



W = ^-TrVexp 

N 



J driiA^ + ® I 9 I \x\) . (2.7) 



Here (A^, $ 7 ) are bosonic fields of M = 4 SYM theory (I = 1, 6), 0j0 7 = 1 and ^ = x^(r) 
defines a loop in M 4 . For example, in the case of W corresponding to the 4-cusp null polygon it 



2 Thcre is, obviously, more than one way to choose the scaling prefactor but the ratio of any two such 
prefactors is conformally invariant and hence can be absorbed into the function G(u, v). 
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was shown in [12] that the correlator is fixed by conformal invariance up to a function 

depending on a single invariant variable (. 3 Indeed, let x^ (i = 1,2,3,4) be positions of the 
4 cusps with \x^ +lS) — x®\ = 0. The total number of coordinates of 4+1 points is 20 but 4 
null-line conditions reduce this number to 16. Acting with 15 conformal generators leaves only 
one conformally invariant combination 4 

C = \a-xV)\\a-xW\\xV> - x^\ ' ( ' 

and the correlator has the following general form (see [12] for details) 

F(C;A). (2.9) 

In [12] the function F(£; A) was found to leading orders at weak and at strong coupling for O 
being the dilaton and the chiral primary. Recently it was computed [16] to the next-to- leading 
order at weak coupling for the case of the dilaton operator. 

In determining the structure of (2.9) we assumed that the conformal transformations act on 
the operator as well as on the positions of the null cusps (in particular, ( in (2.8) is invariant 
under all such conformal transformations). Alternatively, we can view the loop as a fixed object 
and consider the correlation function as a function of the position of the operator only. Then 
the positions of the cusps are fixed constants and we can consider simply (' = j°~^ (1) jj°~^ (3) j 
which is invariant only under the conformal transformations that preserve the null polygon. 5 
Both approaches are of course equivalent. 



(W 4 0(a)) - x (3) 


n^< 2 > - 


x^\ 


^A/2 




i - iW; 


A/2 



2.2 Correlator of circular Wilson loop and one operator 

Another special choice of W is a circular Wilson loop W C - The correlator {W c 0(a)) with one 
local operator also belongs to the class of simplest correlation functions: it is fixed by conformal 
invariance up to a constant (function of A) [3, 17, 18]. This can be seen again by counting the 
free parameters. It is convenient to view the circle as a fixed object. For concreteness, we will 
assume that the circle is in the (x±, x 2 )-plane in IR 4 with the center at the origin 

xl + xj = R 2 , x 3 = x 4 = 0. (2.10) 

As was shown in [19] (see also Appendix A) that a circle in M 4 is invariant under 6 conformal 
transformations. The configuration of a circle and an operator preserves 6-4=2 of them. For 

3 This correlator can thus be viewed as an "intermediate" case between the 3-point and 4-point functions of 
local operators. 

4 In this case To = 0. One can show that the 4-cusped null polygon is invariant under 3 conformal transfor- 
mations. Addition of the operator(s) breaks all three of them. 

5 In (2.9) we can also absorb the a-independent numerator factor into the definition of F(£'). 
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example, if one places the operator at a = oo these 2 conformal transformations are a rotation 
in the (x±, x 2 )-plane and a rotation in the (x 3 , x 4 )-plane. Then the number of combinations 
invariant under the conformal transformations preserving the circle is given by 

dc,i = 4-(6-2)=0. (2.11) 

This formula is analogous to (2.1) with the dimension of the full conformal group replaced with 
the dimension of the subgroup preserving the circle. The fact that dc,i = means that we 
cannot construct any invariants and thus the correlation function of the circular Wilson loop 
and one local operator is fixed by the conformal invariance up to a constant (function of A). 

The explicit form of the correlator (Wc 0(a)) can be found, e.g., by using the fact that R 4 
is conformal to AdS 2 x S 2 [17, 20]. Let us write the metric of M 4 as 

ds 2 = dx\ + dx\ + dx\ + dx\ = dr 2 + r 2 dip 2 + dh 2 + h 2 dip 2 , (2.12) 

where (r,ip) and (h,ip) are the polar coordinates in the (xi,X2) and (x^,X4) planes. The 
circle (2.10) is at r = R, h — 0. Let us transform to AdS 2 x S 2 , i.e. change from (r,ip, h, ip) to 
(p, ip, 9, ip) as follows 



, • x, Ufa g ^( r 2 + h 2_ R 2 } 2 + AR 2 h 2 

r = £smhp, h — £sm9, 1= — - = — . (2.13) 

cosh p — cos 9 2R 

In the new coordinates the metric becomes 

ds 2 = f (dp 2 + sinh 2 p di) 2 + d9 2 + sin 2 9 dip 2 ) = £ 2 ds 2 AdS2XS2 . (2.14) 

Under this transformation the circular loop becomes the boundary of AdS 2 and, hence, is 
invariant under the isometries of AdS 2 x S 2 . Then if we compute the correlator (Wc 0(a)) 
in gauge theory defined on AdS 2 x S 2 it can be invariant under the isometries only if it is a 
constant, i.e. 

(W c 0(a)) 



= C(A). (2.15) 

(W C ) AdS 2 xS 2 

To transform this back to R 4 we note that under (2.13) we have 0(a) —> £~ A (D(a), so that 

(Wc Q(a)) C(A) r 4R 2 1^ 

(W c ) [£(a)] A 1 J L(r 2 + /i 2 - J R 2 ) 2 + 4i? 2 /i 2 J ' 1 ' 

where r 2 = a\ + a\ and h 2 = a\ + a\ (here a M are the coordinates of the point a). Note that 
in the limit when the position of the operator approaches a point on the circle this correlator 
diverges as d~ A where d = (r — R) 2 + h 2 is the distance between the point a and a point on 
the circle. Also, (2.16) scales as (r 2 + h 2 )~ A = |a|~ 2A in the limit when the size of the circle 
goes to zero, in agreement with the OPE prediction [3] (cf. (2.2)). 
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For large A the coefficient C(A) is, in general, of order y/X for large A. For example, for O 
being the dilaton operator or chiral primary of fixed dimension j one gets [3] 

For completeness, we present a derivation of these values in Appendix C. 



2.3 Correlator of circular Wilson loop and two operators 

Next, let us consider the case of our interest: the correlator of the circular Wilson loop (2.10) 
with two local operators 

Wc) ' (2 ' 18> 

Let us again perform the counting of parameters. The two operators give 4+4=8. In general, a 
configuration of a circle and two points is not invariant under any conformal transformations, 
i.e. here Tq = 0. Then the number of remaining invariant parameters is 

d c ,2 = 8-6 = 2, (2.19) 

and, hence, the correlator (2.18) is fixed by conformal symmetry up to a function of two variables 
(functions of cii,a 2 and location of the circle) and the coupling A. These two variables, which 
we will denote as u and v, are invariant under 6 conformal transformations preserving the circle. 
As we shall now explain, u and v have a transparent geometric meaning. 

Let us perform the change of coordinates (2.13), i.e. consider the correlator (2.18) in a theory 
defined on AdS 2 x S 2 . Since the circle is mapped to the boundary of AdS2, it is invariant under 
the 6 isometries of AdS 2 x S 2 , and the same should apply to the correlator, i.e. the isometries 
of AdS 2 x S 2 are precisely the 6 conformal transformations which preserve the circle (2.10) 
in M 4 . The natural two functions of the coordinates (a,i,a 2 ) invariant under the isometries of 
AdS 2 x S 2 are the two geodesic distances between the two points: s in AdS 2 and q in S 2 . Thus 



(W c 1 (a 1 )0 2 (a 2 )) 



c 



= F(s,,;A). (2.20) 

AdS 2 x S 2 



The two invariants (u,v) of the conformal transformations from SO(l,2) x SO (3) C SO(l,5) 
preserving the circle are then some functions of s and q, e.g., u = coshs and v = cosq. Given 
the two points (pi,ipi, 6>i, <pi) and (p 2 , ip 2 , 9 2 , ip 2 ) in AdS 2 x S 2 corresponding to a\ and a 2 in M 4 
via (2.12), (2. 13), i.e. 

(of) ->■ (n, fa, hi, tpi) ->■ (pi, ipi, 6i, ifi) , (2.21) 
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it is straightforward to construct the corresponding geodesies distances (see Apendix B). 6 Ex- 
plicitly, one finds 



u = cosh s = cosh pi cosh p 2 — sinh p 1 sinh p 2 cos(-0 2 — ifti) , (2.22) 
v = cos q = cos 6 1 cos 9 2 + sin 81 sin 9 2 cos(<p 2 — <fi) , (2.23) 



where from (2.13) we have (i — 1,2) 



. , Ti 2Rr, ; 
sinh pi = — 



sin ^ = -1 = = . 2.24 

4 V(rf + fr?- J R 2 ) 2 + 4#^2 

Transforming back to M 4 we get (cf. (2.15), (2. 16)) 

<W>, Ql , a 2 ; A) = _ = [ — ^ [ — ^ F(u, v; A) , (2.25) 

where Aj are the dimensions of and we used that ^ = £(a«) where £ was defined in (2.13) 
and u, v depend on ai,a 2 according to (2. 12), (2. 13), (2. 21), (2. 23). 
Note that as follows from (2.13) 

i 12 2[cosh(p! - p 2 ) -cos(fli -fl 2 )] 

oi-a 2 = 7—^ 7TT7 r ttt = 2£(a 1 )£(a 2 ) (u - v) , 2.26 

(cosh pi — cos t^i ) (cosh p\ — cos 2 ) 

According to the definitions in (2.23) we have u > 1 and |v| < 1. The values u = 1, v = 1 
are achieved only when p± — p 2 , ipi = ip 2 , Q\ = 6 2 , (p 1 = ip 2 , i.e. when the operators are at the 
coincident points cq = a 2 . Hence the OPE limit oq — > a 2 is equivalent to u — > 1, v — > 1. 

Another limiting case is when u = 1 and v = —1, corresponding, e.g., to p± = p 2 = 0, ip\ = 
ip2 and 0\ = 9 2 = |, ip 2 — ir, tpi — 0. 7 In this case T\ = r 2 = 0, h\ = h 2 = R (with 
£i — i 2 — R), i.e. the two points are at the poles of the 2-sphere for which the circle is the 
equator, i.e. in cartesian coordinates we have 

a x = (0,0,72,0) , ai = (0,0,-/2,0) , u = -v = 1 . (2.27) 

This case corresponds to a supersymmetric configuration considered in [10]. 

Let us note also that the limit when the radius R of the circle goes to (or, equivalently, 
the locations a, go to infinity) corresponds to pi — > 0, 0j — > 0, so that again u — > 1, v — > 1. 
In this limit the Wilson loop can be represented as a sum of local operators [3], i.e. one has 



6 For S 2 the geodesic distance is given by the "law of cosines" - a theorem in spherical trigonometry relating 
the sides and angles of spherical triangles. 



7 We thank S. Giombi to drawing our attention to this case. 
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W c = (W c )[l + Efc c k R Ak O k (0) + ....] so that the first non-trivial term in the R -> limit of 
the correlator (3.1) will be proportional to the corresponding 3-point function. 

Below we will explicitly compute the leading terms in F(u, v; A) for some simple cases of O, 
at weak and at strong coupling. 



3 The correlator {Wc Oi(a\)02((i2)) at weak coupling 

Let us now consider the correlator 

C{Wc,a u a 2 ;\) = ^—^ (3.1) 

at weak coupling Acl. We will choose the operators to be the simplest chiral primaries 

4vr 2 

1 (a l ) = c 2 Tr[Z 2 (a l )}, 2 (a 2 ) = c 2 Tr[Z 2 (a 2 )} , Z = ^ + t$ 2 , c 2 = . (3.2) 

For the unit-radius circle (R — 1) 

x M (r) = (cos r, sin r, 0, 0) , \x\ — 1 , (3.3) 

the Wilson loop (2.7) is given by 



W = — TrPexp 
N 



g J driiA^ + $0] . (3.4) 



In (3.4) we assume that the fields in the euclidean M = 4 SYM Lagrangian L = ^-(TrF^ + ...) 
are rescaled by the gauge coupling constant g so that g appears only in the vertices. The 't 
Hooft coupling is defined as A = g 2 N. We will use the following conventions for the SU(N) 
generators 

A il = A a fl T a , $ 7 = $?T a , Tr (T a T h ) = -5 ab , a,b = 1, . . . , N 2 — 1 . (3.5) 
Then the propagators have the form 

r sab _ tab 

W^» = sfep (Z> 1 )^V)> = ^ R ^. (3.6) 
With the choice of c 2 in (3.2) the two-point function is canonically normalized 8 



(01(^)02(02)) = 1 (3.7) 
\ai - a 2 4 



3 Bclow we will always consider only the planar approximation, i.e. the leading order in large N expansion. 
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We will choose the locations of the operators as (cf. (2.12)) 

«) = (r l5 0, h u 0), K) = (r 2 , 0, h 2 , 0) , (3.8) 

i.e. the angles in (2.12) are ipi = 0, tfi — 0. In this case, the variables u and v in (2.23) 
(invariant under the conformal transformations preserving the circle) take simple form 

u = cosh(pi — p 2 ) , v = cos(6>i — 9 2 ) . (3.9) 

The numerator of (3.1) contains a trivial disconnected contribution (Wc 01(01)02(02)) ~ 
(Wc ){Oi (01)02(02))- Since the 2-point function of chiral primary operators is not renor- 
malized, this disconnected part coincides with the 2-point function (3.7) to all orders in g 

Cdisc = C = — . (3.10) 

|oi - a 2 | 4 

Using (2.26) we see that this expression can indeed be written in the form (2.25) 

F (u,v) _ 1 

[£(a 1 )J 2 [£(a 2 )J 2 4(u-v) 2 

The first non-trivial (connected) contribution to C in (3.1) starts at order g 2 ~ A 

Cl = ^Nj dTl J ^(Tr^rO^ + Z^^rOlTr^CaOlTr^^^)]),, (3.12) 

where (...) c stands for connected part of the correlator (here computed in free-theory approxi- 
mation). As a result, 

a 2 Nc 2 f 2n f Tl r 1 1 

64vr 6 |ai - a 2 | 2 J J L\x(ti) - ai\ 2 \x{T 2 ) - a 2 \ 2 J 



Using that here — = coth p; we get 



(iridr 2 1 f f dn T 1 oV; 



(3.14) 



'o io l x ( r i) ~~ oi| 2 |x(t 2 ) — a2| 2 4rir 2 J coth pi — cos T\ J cothp 2 — cosr2 
This resulting expression for this integral is found to be 

1 

2n sinh pi sinhp 2 . (3.15) 

4nr 2 

The second integral in (3.13) produces the same contribution. Using that according to (2.13) 

4rir 2 



sinh pi sinh p 2 
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4^(01)^(03) , (3.16) 



and taking into account the value of c 2 in (3.2) we get for (3.13) 

C = - 1 = - 1 1 f3 17) 

1 8/V 2 £(oiK(o 2 )|oi -a 2 | 2 1QN 2 [£( ai )} 2 [£(a 2 )} 2 u - v 1 l ' ; 

where we also used the relation (2.26). Thus the order A = g 2 N term in the function F(u, v; A) 
in (2.25) is given by 

*< u ' v > = i6k^- < 3 ' 18) 

Let us now study some special limits of this expression. One is the OPE limit 0,2 — > a\. In 
general, in this limit we have the following leading singularity 

1 (a 1 )0 2 (a 2 ) ~ - 1 —— k 3 C? 3 (ai) + . . . , 8 = A 1 + A 2 - A 3 , (3.19) 

|ai - a 2 | 

where 3 stands for an operator (or a linear combination of operators) of lowest dimension 
such that k 3 ~ (01(01)02(02)03(0)) is non-zero. Substituting (3.19) into (3.1) gives 



Ci 



h <^°»W> 1 1 h C 3 (X), (3.20) 



a 2 ^a-L \a 1 -a 2 \ 5 {W c } [^(ai)] A3 |ai - o 2 | 



where we used that the correlator of the circular Wilson loop with one local operator is fixed 
by conformal invariance as in (2.16). In the limit o 2 — > a\ (3.17) becomes 



a 2 ^ ai [£(0i)] 2 |0i-0 2 | 2 8iV 2 ' (3 ' 21) 



Comparing (3.21) with (3.20) we conclude that here 5 = 2 and A 3 = 2. Thus the leading 
contribution in this limit should come from operators of dimension 2 which have non-zero 
3-point function with Tr[Z 2 ] and Tr[Z 2 ]. One obvious choice is a non-BPS operator 3 = 
Ti[ZZ] + .... Another option is to consider O s as a particular case of generic dimension 2 chiral 
primary operator 

O ~ Tr[(n 7 $ 7 ) 2 ] , n ■ n = , n ■ n = 2 , (3.22) 

with 0\ ~ Tr[Z 2 ] and 2 ~ Tr[Z 2 ] corresponding, respectively, to n\ = (1,^,0,0,0,0) and 
n 2 = fix = (1, — i, 0, 0, 0, 0). Since (Oi0 2 3 ) is proportional to (ni ■ n 2 ){ni • n 3 )(n 2 ■ n 3 ) the 
necessary conditions on n 3 are (n 3 • ni) 7^ 0, (n 3 • n 2 ) 7^ 0. The contribution of the BPS 
operators to the OPE will dominate at higher orders as their dimension will not grow with A. 

Another special limit is when one of the 2 points, e.g., a±, approaches a point on the circle, 
i.e. for the choice of coordinates in (3.8) this corresponds to r\ — > R — 1, hx — > 0. In this limit 
£(ai) in (2.13) reduces to the distance d( a i) — V ( r i — I) 2 + h\ from ai to the point (1,0,0,0) 
on the circle while u and v stay finite. As could be expected, the behaviour of the correlator 
(3.1), (3. 17) in this limit C\ — > [d(ai)]~ 2 is the same as of the single-operator correlator in (2.16). 
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Yet another special case related to the supersymmetric configurations considered in [10] 
is when the two points belong to the 2-sphere around the center of the circle, e.g., a\ = 
(0, 0, 1, 0), a 2 = (0, 0, -1, 0), when u = 1, v = -1 (see (2.27); here R = 1, t { = ^±T" = X )- 
Then from (3.17) we get 

<V) = 32^ • ( 3 - 23 ) 
As one can check, this agrees with the expression found in eqs. (4.42), (4.43) in [10]. 9 



4 The correlator (Wc £Mai)02(a 2 )) a ^ strong coupling 

Let us now consider the correlator (3.1) at strong coupling using the AdS§ x S 5 string theory 
representation 

C(W C , a ± , a 2 ) = ? -l T / V{X} e' 1 ™ V^aO V 2 (a 2 ) . (4.1) 
\vvc) Jc 

Here /({X}) is the string action proporional to the tension T — ^ and in the planar approx- 
imation the path integral is performed over the Euclidean wordsheets with the topology of a 
disc and boundary conditions set by the loop C. Local gauge invariant operators 0{d) are 
represented by vertex operators "inserted" at the boundary point a of AdS§ 

V(o) = J d^V({X(0},a). (4.2) 

In the limit of large A the path integral (4.1) is dominated by a classical solution with boundary 
conditions prescribed by the loop C (and possibly also by the vertex operators if they carry 
large charges of the same order as string tension ~ v^A ). Semiclassical correlators of circular 
loop with one vertex operator were discussed, e.g., in [8, 21, 10, 22]. Correlators with two 
operators similar to (4.1) were studied recently in [18, 10]. 

We shall start with the case when the two operators are "light", i.e. have charges much 
smaller than v^A so that they do not change the form of semiclassical surface that ends on the 
circular loop at the boundary. The leading term in the correlator (4.1) then factorizes into a 
product of (Wc Oi(ai)) and (Wc 02(02))- We shall then consider a less trivial case when one 
of the two operators is "heavy", i.e. has dimension J ~ y/\ . In both cases the aim will be to 
check the general structure of the correlator (2.25) and to compute the leading strong coupling 
contribution to the function F(u, v; A). 

9 In eqs. (4.42), (4.43) of [10] one has to set J\ = J 2 = 2, A\ = A 2 = \A = 2ir, s 2 = 1, take into account the 
normalization of the chiral primary operators and note that the Wilson loop in [10] was defined without the 
1/N prefactor in front (i.e. there to the leading order (W) = N(l + ...). 
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4.1 Case of two light operators 

In this case dimensions Ai and A 2 are fixed, i.e. much less than \f\ ^> I. Then the classical 
solution which dominates the path integral (4.1) is the surface in AdS$ [3, 4, 8] ending on the 
circle (2.10) 10 

cos a sin a 

z = tanh r , x\ — — , x 2 = ; — , x 3 = x 4 = , r € 10, oo) , a e 10, zttI (4.3) 

coshr coshr 

where the AdS 5 metric is ds 2 = z~ 2 (dx tl dx^ + dz 2 ). Then eq. (4.1) becomes 

>>x = J dndcn V(z(T 1 ,a 1 ),x^(T 1 ,a 1 ) - <) J dr 2 da 2 V(z(r 2 , a 2 ), x^(r 2 , a 2 ) - a£) , (4.4) 

where z(t, a), x^(r, a) is the solution (4.3). Each integral in (4.4) is the strong-coupling limit 
of the correlation function of the circular loop with the corresponding local operator 



/ 



diidat V(z{r i ,a i )^{r U G i )-a!t) = {W ° { °^ l)) , (4-5) 



i.e. if Ai, A 2 v^A the correlator (4.1) factorizes in the strong coupling approximation 11 

(W C Q(ai)) (Wc Q(a 2 )) fi . 

Since the correlation function of a circular Wilson loop with a local operator is fixed by con- 
formal invariance to have the form (2.16) we conclude, comparing to (2.25), that the function 
F(u, v; A) is constant (u, v independent) in this limit 

v / A>l: F(u,v;A) = Ci(A) C 2 (A). (4.7) 

Here Q(A) is the corresponding coefficient in (2.16) (given explicitly in (4.24) in the case when 
the light operator is the dilaton or the chiral primary of dimension j). 

4.2 Case of one heavy and one light operator 

Let us now consider the case when one of the two operators (say Oi) is chosen to be a "heavy" 
chiral primary operator with dimension Ai = J ~ v^A so that 

J = ^ (4,) 



10 Hcrc wc change the notation compared to (3.3) and use a instead of r to parametrize the unit-radius circle 
(R = 1). r is then the second world-sheet coordinate, i.e. £ = (r, a). 
11 This strong-coupling factorization was also observed in [10]. 
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is fixed in the large A limit. 2 will be choosen to be the dilaton operator whose dimension is 
A 2 = 4 <C y/X. In the presence of 0\ (inserted at infinity) the solution (4.3) is modified to [8] 



z = e 



Jr 



\Jj 2 + l tanh( v / .7 2 + 1 r + q) - jj , 
X\ = R(t) cos a , x 2 = R(t) sin a , x 3 = x 4 = , 



(4.9) 



R(r) = 



cosh (V J 2 + 1 T + q)' 



q = \og(VJ 2 + l + J), 



ijr, 



where <p is an angle of big circle in S 5 and as in (4.3) here r G [0, 00), a G [0, 2ir]. The solution 
starts at r = as the unit circle (2.10) (with R(0) = 1) and at r — > 00 approaches 



z ~ e' 



a" ->■ , R(r) ->■ , 



(4.10) 



This asymptotics corresponds to the chiral primary operator inserted at z = 00, x^ = 0, i.e. 
the solution (4.9) "interpolates" between the circle and the operator. 
The correlator (4.1) can be written as follows 



V~v / A>l 



(W c ) 

(W c Oj(oi)) (W c Oj( ai )O dll (a 2 )) 



(Wc 



c 



(W c Oj( ai )) 



(4.11) 



The first factor is the correlation function of the circular loop with the heavy operator found 
in [81 to be 12 



(W c Oj( ai )) Cj 



(W c ) 



[£( ai )V ' 



Cj = 2- J exp (VX[l - VJ 2 + 1 - Jlog(y/j 2 + 1-J) 



(4.12) 
(4.13) 



The second factor in (4.11) is given by the light vertex operator evaluated on the classical 
solution (4.9) 



(W c Oj( ai )O dil {a 2 )) 



(W c Oj( ai )) 
Here the dilaton vertex operator is given by 



drda V da (z(T ; a) , x" ; (t , a) - a%, 0(r, a)) 



(4.14) 



V d ii(a) = c da 



z 2 + (x» - a^) 2 



{d a zf + {d a x»r 

£ = 5 + i 9 ^) ' 



(4.15) 



12 Our expression for Cj(A) differs from the one in [8] by the factor 2 J because our normalization of I in (2.13) 
involves an extra factor of |. 
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where C is the AdSs x S 5 Lagrangian in which we ignored the extra bosonic and fermionic 
coordinates that vanish on the classical solution. The normalization factor tdu is given by 



(416) 

To compute (4.14) for general enough values of ai,a 2 (sufficient to restore the strong-coupling 
limit of the function F(u, v; A) in (2.25)) we need the classical solution corresponding to the 
chiral primary operator inserted at a finite point on the AdS 5 boundary at z — 0. It can be 
found by a conformal transformation applied to (4. 9). 13 Since the correlator under consideration 
is fixed to a large extent by the conformal symmetry it is sufficient to place the operators at 
some special points a±, a 2 as long as the variables u and v remain independent. We found the 
following choice to be convenient (see (2.12)) 

a% = (r 1 ,1> 1 ,h 1 ,<p 1 ) = (0,0,h,0), = (r 2 , fa, h 2 , <p 2 ) = (r, 0, 0, 0) . (4.17) 

The chiral primary operator is then located above the center of the circle while the dilaton is 
inserted in the plane of the circle (here r = 1 corresponds to a point of the circle). In this case 
(see (2. 13), (2.23), (2.24)) 

« = ^ 2 + l), £(a 2 ) = ^(r 2 -l), »=£ri> V=f ¥Tl- (418) 

Let us now perform a finite conformal transformation (an isometry of AdS 5 ) that preserves the 
circle and maps the point (z = oo,x M = 0) to the point (z = 0,x M = d[). The transformation 
consisting of a dilatation (with parameter 7), a special conformal transformation and a 
translation (cfy) can be written as 

z ' = 11 x ' - 7[^ + 7^ 2 + x 2 )] 

l + 2 1 (3-x + 1 2 (3 2 {z 2 + x 2 ) ' " l + 2 7 /?-x + 7 2 /3 2 (z 2 + x 2 ) ^ y ' ' 

We will choose a» = (0, 0, a, 0), = (0, 0, (3, 0). Then the circle x\ + x\ = 1, x 3 = x 4 = at 
z = is transformed into 



< = YVW 2X " X ' 2 = TVW 2%2 ' x '* = TVW 2+a ' x ' 4 = °' (4 ' 20) 



so that to preserve it we have to require 

?— W = 1 ' ,MW +a = > Le - « = -V / 7^T, = (4.21) 
1 + Yp 1 + TP 7 



13 Similar conformal transformation was considered in [10] and also in [22]. 
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Note that this conformal transformation preserves the entire plane x% = X4 = 0. Acting with 
(4.19) on the solution (4.9) we obtain a new (conformally-equivalent) solution 14 

z' = jw(t)z(t) , x[ = 7iu(r)R(r) cos a , x' 2 — 7w(r)R(r) sin a , x' 4 = , (4.22) 

1 



4 = V7=T»M [Ar) + RV) - 1] , «*r) . 1 + (7 _ 1)Ht) + r2(t)] (4.23) 

where z(t) and R(r) were given in (4.9). For r — >■ this solution still approaches the circle (2.10) 
while for r — > 00 we obtain 

z' = , xi = x' 2 = x' A = , £3 = 1 = . (4.24) 
To match the location a\ of the chiral promary operator in (4.17) we then need to fix 7 as 

7=^. (4.25) 

Let us now use this transformed solution to compute the contribution of the light vertex operator 
in (4. 14), (4. 15). Taking into account that the position of the dilaton operator is chosen as in 
(4.17) and that the value of C in (4.15) is 

C= 2{1 + J2) (4 26) 

sinh 2 (v^ + T r) ' K ' J 

we can present (4.14) in the form 
Here 

_ 7 y + R 2 ) + (7 - l)(^ 2 + R 2 - l) 2 + r 2 [1 + (7 - l)(^ 2 + R 2 )] 2 

y[T) - 2 7 rR[l + ( 7 -l)(^ + R 2 )] ' ( j 

with z = z(t) and R = R(r) given in (4.9). Recall that in view of (4. 18), (4. 25) we have 



r = ,/H±l, *=Ji±I, ' (4.29) 

u — 1 y 1-v v + 1 



Doing the integral over a we end up with 

(W c Oj( ai )O d u(a 2 )) nc dil 



(W c Oj( ai )) 8(J 2 + l)r 

[2y 2 (r) + 3]y(r 



I(u,v,J), (4.30) 



I(u,v,J) = J~dTmhh*(Vj*+i r) , (4-31) 



14 The solution for is of course unchanged and is still given by (4.9). 



15 



where we assume that r and 7 in y are expressed in terms of u and v as in (4.29). 

Combining (4.12) and (4.30) according to (4.11) and comparing to the general expression 
(2.25) for the correlator in question we conclude that 

A > 1, J — -j=- : F(u, v; A) = g^^ff _ 1)2 '(u, v, J) , (4.32) 

where we used (4.18) (i.e. [£(a 2 )]~ 4 = 16(r 2 - 1)~ 4 ). 

In the special case of u = 1, v = — 1 (see (2.27)) corresponding here to r — >■ 00, 7 — > 00 we 
get a finite expression for the function F(u,v; A) in (4.32). Indeed, in this limit 

z 2 + R 2 

V , (4.33) 

and then the y-dependent factor in the integrand of (4.31) becomes 

W + QV -> 1 -> ri^-Y (4 34) 

(y 2 -l)V2 ^ y 4 ~+ U 2 + RV ■ 1 j 

The singular factor r 4 in (4.30) then cancels out, so that the correlator becomes a finite constant 
(a function of J only). 

In general, the integral J(u, v, J") in (4.31) appears to be too complicated to be computable 
analytically for arbitrary J but it can be easily evaluated in the limiting cases of small and 
large J. 

4.2.1 Small J limit 

For J = the solution (4. 9), (4. 23) becomes the original circle solution (4.3) and (4.31) reduces 
to the correlator of the circular Wilson loop with the dilaton operator 

T ^ n (W c OA^OM) ^ (W c O dll (a 2 )) _ C dU (X) 

J (WcOjM) (W c ) [«r 1 } 

where Cdu was given in (2.17), i.e. in this limit the function F(u,v; A) is constant 

A > 1, J < 1 : F(u, v; A) = CjC dil [l + O(J)] , (4.36) 

with 

Cj = (Cj)j«i = 2- J exp [J 2 + 0{J A )]) . (4.37) 

To find the linear in J term in F we expand the solution (4.9) and thus y in (4.28) in powers 
of J 

z{t) = tanh r [l + J(t - tanh r) + 0{J 2 )} , R(r) = \l + J{t - tanh r) + 0(J 2 )] , 

cosh T 

1 4- r 2 ('y — 2)(r 2 — 1) 

y(r) = coshr + ^ ^(r coshr - sinhr) + 0(J 2 ) . (4.38) 

2r 27r 
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Then the order J term in (4.30) becomes 

f (W Oj(a 1 )O dll (a 2 )) \ . 7-2, 2 u T( , , Q v 

J(r) = P dr smh MrcoshT-sinhT) r 6r 4 + 12r 2 (1 + r 2 )2 cogh 2 r (1 r2)4 cogh 4 1 
A [(1 + r2)2 cosh 2 r-4r2] 9/2 L 

7 + 4r 2 + 2r 4 - 12r 6 - r 8 + 4(1 + r 2 ) 2 log A 

= 5±t£ . (4.40) 

12(r 2 - 1)6(1 + r 2 ) 3 1 ' 

Expressing 7 and r in terms of v and u according to (4.29), extracting the factor [^(g^)] -4 and 
also using that Can = ^cau (see (2.17)) we finally get for the order J term in F in (4.36) 

F(u, v; A) = CO*, [l + (1 + 2u 2 - 4u 3 + 4u 4 log ^-±1) + 0(J 2 )] . (4.41) 
4.2.2 Large J limit 

In the limit of large J one finds, to leading order, 

z(r) = ^sinhjr, R(r) = 1 , y = l -±f- + 1±£^¥- sinh 2 (Jr) . (4.42) 

Let us rescale Jt — > r and use y as the new integration variable. Then up to terms subleading 
at large J the integral (4.31) can be written as 

The integral over y gives 

(3 + 2y 2 )y _ 16 r 3 (l + 4r 2 + r 4 ) 
^ ^ ( y 2 _ !)7/2 - 3 (r 2 _ 1)5 • ^-44) 



As a result, from (4.32) we get 

A » 1, J » 1 : F(u, v; A) = ^ [^-^ + 0(1)] , (4.45) 

where 

Cj = (Cj)^! = 2- J exp (V\ [j(\og(2J) - 1) + 1 + OCT 1 )] ) . (4.46) 

Note that the leading singularity in the OPE limit a\ —¥ a 2 is still (u — v) _1 ~ \a\ — a 2 \~ 2 just 
like at weak coupling (see (3.18)). Explicitly, in this limit 

_1 1 2C jC du 

'ai^a 2 ' [£(a 1 )] J + 2 |ai - a 2 \ 2 J 

where we used eq. (2.26) and that in this limit u — > 1, v — > 1. Comparing with (3.20) we see 
that here 5 = 2 and that the leading contribution should come from an operator of dimension 
A 3 = J + 2. This is consistent with (3.19), (3.20) as we have Ax = J, A 2 = 4. 
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5 Correlator of infinite line Wilson loop 
with local operators 

The locally-supersymmetric Wilson loop [1, 3, 4] denned by an infinite straight line (which we 
will denote as Wl) is a 1/2 BPS object with trivial expectation value, {Wl) = 1. If we choose 
the line along the Xi-direction, i.e. 

Xi — T, x 2 = x 3 = x A = , (5.1) 

the field combination in (2.7) becomes "chiral" (iA\ + ^i). 15 The infinite line (5.1) is related 
[3, 6] to the circle (2.10) of radius R with center at by a particular conformal transformation 
(cf. (4.19)) 

where x' 2 + x' 2 = R 2 . 16 The need to regularize (and the fact that the inversion changes 
boundary conditions at infinity or changes topology of world surface on the string side) lead 
to an anomaly [5, 6, 7], explaining why the expectation value of the circular Wilson loop is 
no longer equal to 1: its expression is given in terms of the modified Bessel function of y/\ , 

(Wb> = ^Ji(VA) = l + t + ^ + .... 

As was mentioned in the Introduction, one may expect that despite (Wl) ^ {Wc) the 
transformation (5.2) may still be relating the normalized correlators of Wl and Wc with local 
operators, i.e. the anomaly should be absent in the local correlators. 

Let us first discuss the conformal symmetries preserved by the configuration involving a 
straight line (5.1). As in the circle case we may perform a conformal map from M 4 to AdS 2 x S 2 
with the line becoming the boundary of AdS 2 . Here it is natural to use the Poincare coordinates 
for AdS 2 . Explicitly, going first to spherical coordinates in the (a;2,x 3 ,x 4 ) subspace we get 

ds 2 = dx 2 + dz 2 + z 2 {d0 2 + sin 2 6 dip 2 ) = z 2 [ dx2 + dz2 + ds | 2 ] i (5.3) 

z 



x = xi, z — y x\ + x\ + x\ . (5.4) 

An analysis similar to the one in Appendix A shows that the line (5.1) is preserved by 6 
conformal transformations: dilatations, translations along the line, special conformal transfor- 
mations along the line and 3 rotations in the orthogonal space. These may be interpreted as 
the isometries of AdS 2 x S 2 preserving the boundary (line x) of AdS 2 . 



15 Note that the expectation value of any function of iAi + $i over the gaussian measure defined by L 
(d^Ai) 2 + (d^i) 2 + ... vanishes. 

3 To get the standard parametrization of the circle in (3.3) we need also to change r — > t' , cost' = — 



16n 



4H- 1 
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As in the case of the circle, the correlation function of a line with one local operator is fixed 
by conformal symmetry: since the line is invariant under the 6 isometries it is impossible to 
construct an invariant depending on 4-position of the operator, i.e. by the same argument as 
in Section 2.2 we get (here a M are the cartesian coordinates of the point a with the direction of 
the line being x = a 1 ) 

(W L 0(a)) C L (A) 



(Wl) [4(a)] 



A ' 



4(a) = z= vV) 2 + (a 3 ) 2 + (a 4 ) 2 ■ (5-5) 



Note that 4(a) is just the distance from the position of the operator to the line (5.1). 

Let us compute ^ W ^^ to leading order in A for O being a chiral primary operator and 
compare it with the corresponding expression for the circular Wilson loop. Using the definitions 
of the Wilson loop in (3.4) and the A = 2 operator in (3.2) we get for the order A term: 



(W L 0{a)) Ac 2 



Tl 



dn / dT 2 —— H , (5.6) 



(W L ) 32vr 4 |x(n) - a| 2 \x(r 2 ) - a\ 

where the line is parametrized as x(r) = (r, 0, 0, 0). Performing the integrals gives 

(W L Q(a)) A 1 

(W L ) 16V2N [4(a)] 2 ' 



(5.7) 



This is the same result as found in the case of the circle [7]. 17 In general, one should have (cf. 
(2.16), (5.5)) 

A (W L Q(a)) _ A (W c O(a)) 
[4(a)] {Wl) - [4(a)] {Wc) , (5.8) 

for all conformal operators and for all values of A. 

The exact expression for the correlator (5.6) is found by replacing A in (5.7) by A\f\ j = 
A — ^A 2 + ... [7, 9]. 18 Since dimension 4 dilaton operator is in the same supermultiplet with the 
A = 2 chiral primary operator one may expect that its normalized correlator with the circular 
Wilson loop should also be proportional to \/A j^j^ y This is indeed what one finds if one 
observes that 19 



d d 



2 



„vx los{Wc} = log [tt /i( ^ >J = ^ wr) • (5 ' 9) 

and that differentiating (Wc) over the coupling produces the insertion of the integrated (over 
4-space) dilaton operator. The latter is the gauge theory action if the correlator is understood 



17 In [7] the leading contribution at weak coupling is given in eq. (1.17). The operator O which we used is 
-^iPl + iOl) in the notation of [7]. 
18 For dimension k chiral primary one is to replace I2 by Ik [7]. 
19 In general, x±I k {x) = k + x 1 -^^. 
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in terms of the gauge theory path integral or the string theory action if it is defined in terms 
of the string path integral. 

There is, however, a subtlety if one tries to use this argument to deduce the value of the 
coefficient Cdu(X) in the local correlator (2.16): integrating (2.16) over the position a one gets 
(for A dll = 4) the integral J d 4 a[£(a)}^ ~ R 4 / °° / °° [(r2+fe /%^ w which is linearly UV 
divergent (~ R J °° j^) at h — >■ 0. As usual, this UV divergence is to be regularized away to 
make the comparison to (5.9) possible. 20 

In the case of the line where (W L ) = 1 the analog of (5.9) vanishes but this does not imply 
that Cdu(X) should vanish (what would be in contradiction with (5.8)). Indeed, the correspond- 
ing integral J d 4 a{£ L (a)]~ 4 = f^dcii ^ is now not only UV but also IR divergent (along 
the infinite direction of the line). Its subtracted value should be zero, thus reconciling the fact 
that = with the expected relation (5.8). 

Let us now turn to the case of the correlator of Wl with two operators. Like for the case of 
the circle, the correlator of the line with two operators 

C(W L , ai, a 2 ) = — (5.10) 

is also fixed up to a function of 8-6=2 variables u, v related to the geodesic distances in AdS 2 
and S 2 (see (2.23)) which are invariant under the conformal transformations preserving the 
line. Here the variable u should be written in terms of the Poincare coordinates. Using the 
relation between the global and the Poincare coordinates in AdS 2 (cf. (2.14)) 

u ^+x 2 + z 2 2x 

coshp= , cosw = — = , 5.11 

2z Y ^(x 2 + z 2 - l) 2 + 4x 2 

we find that for the two points in AdS 2 with coordinates (xi, z\) and (x 2 , z 2 ) corresponding to 
(pi,-0i) and (p 2 ,ip2) 21 

u = l+ ^-^f + ^-^)\ (5 . 12) 
2z\z 2 

Hence 

C(W L , a u a 2 ) = [4(qi)] 4 l(q2)]A2 ^(u, v; A) . (5.13) 



Here x± :2 are first components of a± :2 , i.e. Xi = aj, while ^(0,) = z% = \J (a 2 ) 2 + (af) 2 + (af) 2 
and the distance between the points ai and a 2 is again given by (2.26): 

\ai - a 2 \ 2 = (xi - x 2 ) 2 + z\ + z\ - 2z x z 2 v = 2£ L ( ai )£ L (a 2 ) (u - v) . (5.14) 



20 See section 2.1 in [25] for a related discussion of integrated dilaton insertion into correlation functions where 
one also needs to introduce a UV cutoff (see also [26] ) . Note that similar divergence is found at strong coupling 
if one simply evaluates the string action on the corresponding minimal surface [4] (see also section 4 in [25]). 

21 Note that since this is just a coordinate transformation in euclidean AdS2 that should not change geodesic 
distances the variables u and v are actually the same in both cases. 
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As an example, let us compute the correlator (5.10) to leading order at weak coupling for the 
case when the operators are the chiral primaries in (3.2). The leading connected contribution 
is still given by (3.13) but with different integration limits 



9 2 4 



dr-2 



1 



+ (oi <-> a 2 ) 



(5.15) 



647T 6 |ai -a 2 | 2 J ^ ~" 1 \_\x{t x ) -ai| 2 |x(r 2 ) - a 2 | 

where in the present case of the line x{r) = (r, 0,0,0). To find Fl in (5.13) it is sufficient 
to make a special choice of coordinates of the points a\ and a 2 (here we list the values of the 
AdS-i x S 2 coordinates, i.e. a« = (xi,Zi,9i,ipi)) 

ai = (O,Zi,0i,O), a 2 = (0, z 2 , 2 , 0) . (5.16) 

In this case it is straightforward to evaluate the integrals in (5.15) to obtain (see (3. 2), (5. 14)) 



Ac 2 



71 



A 



(5.17) 



64 7 r 6 |a 1 - a 2 | 2 4(ai)4(a 2 ) 16iV 2 [4(a 1 )] 2 [£ L (a 2 )] 2 u - v " 

Thus the leading-order term in in (5.13) is 

. . A 1 

Fil (u,v) = — — , 

16iV 2 u — v 

which is the same as F x in (3.18) found for the circular Wilson loop. 22 Similar agreement should 
be present also at higher orders in A and for more general correlators. 



(5.18) 
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A Infinitesimal conformal transformations 
preserving the circle 

Here we shall review the count of conformal symmetries preserved by the circle before and after 
adding local operators (see [19, 18]). A general infinitesimal conformal transformation acts as 
follows 

SXft = a M + oj^Xy + ax^ + x 2 /3^ - 2((3 ■ x)x^ , (A.l) 

22 This agreement is not too surprising. As was argued in [6], the anomaly (leading to (Wl) (Wc)) comes 
from a non-trivial transformation of the gauge vector propagator under the inversions (and, hence, under the 
special conformal transformation in (5.2)). Since in the above example the vector propagators did not contribute, 
we should get the same answer for both the line and the circle. 
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where the parameters a M , o> M „, a and /3 M correspond to translations, Lorentz transformations, 
dilatations and special conformal transformations respectively. Let us split 
into the components in the plane of the circle (2.10) and in the orthogonal plane, Xi = {xi,Xq) 
and x t = (x3,X4). Below we will fix the radius to be R = 1. Taking into account that xf = 1, 
x t = we get (l,m — 1,2) 

Sxi = ai + ui m x m + axi + fa - {(3 m x m )xi , 5x t = a t + w tm x m + (3 t . (A.2) 

Now using Sx t = 0, xiSxi = we obtain 

u tm = , a = , a t = -f3 t , oti = $ . (A.3) 

This means that the surviving 6 transformations are generated by 

W12 , ^34 , , a t , Pi = cti, /3 t = -a t ■ (A.4) 

An addition of an operator at a generic point of 4-space will break 4 out of 6 conformal transfor- 
mations (A.4). Introduction of the second operator will break all the conformal transformations. 



B Geodesic distances in S* 2 and AdS2 

Let us present an analytic derivation of the well-known expressions for the geodesic distances 
in S 2 and AdS2 used in (2.23). 

The geodesic (0 = 9(t),(p = <p(t)) on S 2 connecting the points (0i,<£i) and (62,^2) can be 
obtained by minimizing the functional 

q = Jdt [(d t 9) 2 + sm 2 6(d t ip) 2 ], (B.l) 

and evaluating it on the solution. Integrating the equations for the geodesic gives 

d t (sm 2 6d t if) = 0, d 2 9 -sm6cos6(d t <p) 2 = 0, (B.2) 
cot 0(f) 1 



[cf + (c f + cDc ot'j^cJTcKt - to))] 1 / 2 ' 



co%(t) - y? ) = V ^ ^ 2 cot(sJCj + Cf (f - t )) , (B.3) 

where C\, C2, to, <po are integration constants. Eliminating i we can write the geodesic passing 
through the points (0i,</?i) and (02, ^2) in the form 

cot 9 (tp) — A sin ip + i? cos , (B.4) 
tan 02 cos tp2 — tan 0i cos p\ tan X sin (£>i — tan 2 s m V?2 (B 5) 

tan 2 tan 0i sin((^ 1 — <p 2 ) ' tan0 2 tan0isin((/3 1 — y? 2 ) 
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Then the geodesic length may be written as 



r 2 dipy/l + A 2 + B 2 AB + (1 + A 2 ) tan tp 2 

•» — / 7—. ^ 777 = arctan (ip 2 — > <Pi) ■ (•t>.o) 

J V1 1 + (A sin <p + Bcosip) 2 VI + A 2 + B 2 ^ V ' 1 ; 

As a result, one finds 

cos q = cos 61 cos 9 2 + sin #1 sin 9 2 cos((p 2 — <fi) ■ (B-7) 
A similar analysis in AdS 2 gives for the corresponding geodesic distance s 

cosh s = cosh pi cosh p 2 — sinh p 1 sinh p 2 cos(-0 2 — ipi) ■ (B-8) 

The two expressions are of course related by the analytic continuation 9k — > ipk, <£k 4>k- 

C Correlator of circular Wilson loop with one light BPS 
operator at strong coupling 

Here we will review the derivation of correlation function of circular Wilson loop with one local 
operator which will be chosen to be the dilaton or the chiral primary (with dimension j fixed, 
i.e. not scaling with A). 

The correlator in question appeared in (2. 16), (4. 5), i.e. in the leading large A approximation 
it is given by 

C(W c ,a)= {WC { °^ ]) = J dTdaV(z(T,a),x»(T,a)-a»)), (C.l) 

where (z(t, ct), x M (r, a)) represents the circular loop solution (4.3). Since this correlator is fixed 
by conformal invariance up to a constant (2.16), we can choose the position of the operator to 
be at a" = (0, 0, h, 0) . 

Evaluating the dilaton vertex operator (4.15) on the solution (4.9) gives (see (2.13)) 

\ ^c di i f°° sinh 2 r 4rcc da nc dU 1 

Using the value of the normalization coefficient (4.16) we obtain Cdu(X) in (2.17). 

The bosonic part of the chiral primary vertex operator of dimension A = j is given by [3, 23] 
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where </> is the relevant angle in S 1 C S 5 and the two-derivative part U is given by [24] 

1 



U = U 1 + U 2 + U 2 , 
8 



U 2 

u 3 



[z 2 + (x» - a^) 2 ] 2 
8[(^ - a^) 2 - z 2 ] 
z[z 2 + {x* - a^) 2 ] 2 



*7i = -^[(d a x>*) 2 - (d a z) 2 } - C S s , 
(z* 4 - a»)\d a zf - [(a? - a»)d a x<*} 2 

[(x v - a v )d a x v ]d a z , 



(C.4) 



where £55 is the >S 5 part of the bosonic Lagrangian. Evaluating U on the semiclassical Wilson 
loop background (4.3) (note that here = 0) gives 



*7i 



cosh 2 r ' 



£/ 2 = -U* 



1 



/i 2 + 1 cosh 6 r 

Thus C/2 and U3 cancel each other and we end up with 



(h 2 cosh 2 r + 1 — sinh 2 r) . 



(C.5) 



C(Wr.a) l7TC > 



dr 



tanh 7 r 



7TC, 



(C.6) 



(/1 2 + l)i J cosh 2 r [^(a)p 2^- 2 (j + 1) ' 
Using the normalization Cj in (C.3) we find that the coefficient Cj(A) in (2.16) is given by (2.17). 
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